Abstract. In this paper we are concerned with a class of elliptic differential inequalities with a potential in bounded domains both of R m and of Riemannian manifolds. In particular, we investigate the effect of the behavior of the potential at the boundary of the domain on nonexistence of nonnegative solutions.
Introduction
In this paper we investigate nonexistence of nonnegative solutions to elliptic differential inequalities of the form
where Ω is an open relatively compact connected subset of a general m−dimensional Riemannian manifold M endowed with a metric tensor g, ∇, div and ∆ denote the gradient, the divergence operator and the Laplace-Beltrami operator associated to the metric, respectively. Furthermore, here and in the rest of the paper we assume that a : Ω → R satisfies (2) a > 0, a ∈ Lip loc (Ω), V > 0 a.e. on Ω, V ∈ L 1 loc (Ω), and the constants p and σ satisfy p > 1, σ > p − 1. Tipically V is unbounded at ∂Ω. We explicitly note that some of the results we find are new also for the model equation (3) ∆u + V (x)u σ ≤ 0 in Ω, in the special case Ω ⊂ R m .
If, differently from what will be the focus of the present paper, we consider the case when Ω = R m or Ω = M , where M is a complete noncompact Riemannian manifold, then there exists an extensive literature concerning nonexistence of nonnegatve solutions of equation (1) . We refer to [1] , [9] , [10] , [11] and [12] for a comprehensive description of results related to these (and also more general) problems on R m . Note that analogous results have also been obtained for degenerate elliptic equations and inequalities (see, e.g., [2] , [13] ), and for the parabolic companion problems (see, e.g., [12] , [14] , [15] , [16] ). The results in the case of a complete Riemannian manifold have a more recent history, in particular we cite the inspiring papers [5] and [6] , and the papers [7] , [8] , [17] , [18] . In particular it is showed that equation (1) admits the unique nonnegative solution u ≡ 0, assuming certain key assumptions hold, which are concerned with the parameters p, σ and with the behavior of a suitably weighted volume of geodesic balls, with density given by the product of a and of a negative power of the potential V .
In this work we intend to focus our attention on the case where Ω ⊂ M is an open relatively compact domain, considering local weak solutions, meant in the sense of Definition 2.1 below.
We start with a definition describing the weighted volume growth conditions on special subsets of Ω, contained in a neighborhood of ∂Ω, that will be used in obtaining our nonexistence results for nonnegative solutions of (1) . We denote the canonical Riemannian measure on M with dµ 0 , while we define (4) dµ = a dµ 0 the weighted measure on M with density a. Let d(x) := dist(x, ∂Ω) for any x ∈Ω . For every δ > 0 we define (5) S δ := {x ∈ Ω : d(x) < δ}, Ω δ := Ω \ S δ .
Recall that p > 1, σ > p − 1, V > 0 a.e. in Ω and V ∈ L 1 loc (Ω) and define
Note that α > 1. We introduce the following three weighted volume growth conditions:
i) We say that condition (HP1) holds if there exist C > 0, C 0 > 0, k ∈ [0, β), δ 0 ∈ (0, 1),
C0 ∧ β such that, for every δ ∈ (0, δ 0 ) and for every ε ∈ (0, ε 0 ),
ii) We say that condition (HP2) holds if there exist
iii) We say that condition (HP3) holds if there exist
Remark 1.1. Observe that, in general, conditions (HP 1), (HP 2) and (HP 3) are mutually independent.
In particular, we note that, in general, (HP 3) does not imply (HP 1); this is essentially due to the fact that constant C in (HP 3) must be independent of δ and ε, see Example 4.1. The remaining cases can be easily treated; we leave the details to the interested reader.
Let us discuss some sufficient conditions for (7), (8) , (9) .
for all x ∈ S δ0 and (11)
for all x ∈ S δ0 , then (7) holds, with C 0 ≥ σ + 1. iii) Suppose that there exist C > 0, C 0 > 0, δ 0 ∈ (0, 1) such that
for all x ∈ S δ0 and (14)
for all x ∈ S δ0 .
Hence, if (15) and the second inequality of (13) are satisfied, then condition (8) holds, iv) Suppose there exist C > 0,
and (17)
then condition (9) holds.
We can now state our main theorem.
in Ω and a ∈ Lip loc (Ω) with a > 0 on Ω. Assume that one of the conditions (HP1), (HP2) or (HP3) holds.
is a nonnegative weak solution of (1), then u ≡ 0 in Ω.
We remark that, for the case p = 2, the weighted volume growth conditions that we assume on geodesic balls are in many cases sharp. In particular, in this direction we construct a counterexample in geodesic balls of Riemannian models (see Section 4.3). In order to construct such counterexample, we will provide some conditions implying that the infimum of the spectrum of the Laplace operator on the space L 2 V (Ω) := {f : Ω → R measurable such that Ω f 2 V dµ < ∞} is 0, a result that can be of independent interest (see Remark 4.4) . Such a spectrum is clearly related to the eigenvalue equation
The rest of the paper is organized as follows. In Section 2 we establish some preliminary technical results, that we put to use in Section 3, where we give the proof of Theorem 1.3. Finally in Section 4 we provide a family of counterexamples. 
Preliminary results
a.e. in Ω and compact support, one has 
where dµ is the measure on M with density a, as defined in (4). Indeed, given any nonnegative 
where D = {x ∈ Ω : u(x) > 0}, χ D is the characteristic function of D and dµ is the measure on M with density a, as defined in (4).
σ−p+1 be fixed. Then there exists a constant C > 0 such that for every nonnegative weak solution u of equation (1), every function ϕ ∈ Lip(Ω) with compact support and 0 ≤ ϕ ≤ 1 and every t ∈ (0, min{1, p − 1, σ−p+1
with K = {x ∈ Ω : ϕ(x) = 1} and dµ is the measure on M with density a, as defined in (4).
From Lemma 2.4 we immediately deduce
Corollary 2.5. Under the same assumptions of Lemma 2.4 there exists a constant C > 0, independent of u, ϕ and t, such that
Proof of Theorem 1.3
We divide the proof of Theorem 1.3 in three cases, depending on which of the conditions (HP1), (HP2) or (HP3) is assumed to hold.
Proof of Theorem 1.3 . (a) Assume that condition (HP1) holds (see (7)). For any fixed δ ∈ (0, δ 0 ) let
, 1 with C 0 as in condition (7), define for every
then ϕ n ∈ Lip c (Ω) with 0 ≤ ϕ n ≤ 1. Moreover, we have
and for every
Now we use ϕ n in formula (21) of Lemma 2.3 with any fixed s ≥ pσ σ−p+1 and deduce that, for some positive constant C and for every n ∈ N and every small enough t > 0, we have
where
σ−p+1 dµ,
By (24), (25) and assumption (HP1) with ε = t σ−p+1 (see equation (7)), for every n ∈ N and every small enough t > 0 we have
By our choice of C 1 , for every small enough t > 0
Moreover, since t = − 1 log δ , we have
In view of (28) and (29) for δ > 0 small enough, and thus t = − 1 log δ small enough, we obtain (30)
In order to estimate I 1 , we need the next
is a nonnegative decreasing measurable function and (7) holds, then for any ε ∈ (0, ε 0 ) and for any δ ∈ (0, δ 0 ) we have
for some positive constant C. In fact, we have that
Hence the claim has been shown. Moreover, there holds
a.e. in Ω .
Thus, using (31), (32),
and that by our choice of C 1 we have
Then, by the above inequalities and performing the change of variables ξ := a log r, we get
By (27), (30) and (34)
Since δ > 0 is small and fixed, and thus t = − 1 log δ < 1 is also fixed, taking the lim inf as n → ∞ in (35) we obtain (36)
Now observe that, for each small enough t > 0,
Then, for any fixed sufficiently small t > 0, we have
By Fatou's Lemma, taking the lim inf as t → 0 + in the previous inequality we obtain
which implies u ≡ 0 in Ω.
(b) Assume that condition (HP2) holds (see (8)). Let the functions ϕ, η n and ϕ n be defined on M as in formulas (24), (25) and (26), with δ ∈ (0, δ 0 ),
and C 0 as in condition (8) . We now apply formula (23), using the family of functions ϕ n ∈ Lip 0 (M ) and any fixed s ≥ 2pσ σ−p+1 . Therefore, we get
We now need need to estimate
Arguing as in the first part of the proof of the theorem, under the validity of condition (HP1), with the only difference that the condition k < β there is replaced here by k = β, using (8) we can deduce that
In order to estimate the second integral in (37) we start by defining Λ =
, and we note that
for every small enough t > 0, and that
By our definition of the functions ϕ n , for every n ∈ N and every small enough t > 0 we have
Now we use condition (8) with ε = Λ, and we obtain
By our definition of Λ and (39), choosing C 1 > 0 big enough, we easily find
for some C > 0, for any small enough t > 0. Moreover by (39), since t = − 1 log δ , we have
Thus, for any sufficiently small δ > 0,
In order to estimate I 1 we note that if f : [0, ∞) → [0, ∞) is a nonnegative decreasing measurable function and (8) holds, then for any small enough ε > 0 and δ > 0 we have
for some positive constant C, see (31). Thus, using (32), for every small enough t > 0 we have
Now, since t = − 1 log δ , by (39) we have
moreover, in view of (41), for some C 1 > 0 and for every t > 0 small enough
With the change of variables ξ = b log r, using the previous inequalities we find
From equations (40), (42) and (44) it follows that
From (23), using (38) and (45) we have
By taking the lim inf as n → +∞ we get
for every sufficiently small t > 0, with t = − 1 log δ . But
hence for every small enough t > 0 we have
uniformly in t, for t > 0 sufficiently small. By taking the limit for t → 0 + we deduce
and thus u ∈ L σ (Ω, V dµ). Now we exploit inequality (22) with the cutoff function ϕ n , and using again (38) and (45) we obtain
Using previous inequalities and taking the lim inf as n → +∞ we get
(c) Assume that condition (HP3) holds (see (9) ). Consider the functions ϕ, η n and ϕ n defined in (24), (25) and (26), with δ > 0 small enough, t = − 1 log δ , C 1 > 0 as in b) and C 0 as in condition (9) . Arguing as in a), by formula (21) with any fixed s ≥ pσ σ−p+1 , we see that
for some positive constant C and for every n ∈ N and every small enough t > 0. Now, recalling the definitions of ϕ and η n , by condition (9) with ε = t σ−p+1 , for every small enough t > 0 we have
Note that since t = − 1 log δ , we have
Thus, by our choice of C 1 , if t > 0 is sufficiently small, we have
In order to estimate I 1 we note that if f : [0, ∞) → [0, ∞) is a nonnegative measurable decreasing function and (9) holds, then for any small enough ε > 0 and any sufficiently large R > 0 we have
Inequality (49) can be obtained in a similar way as (31). Now, using (32) and (49) with ε = t σ−p+1 , we obtain that for every small enough t > 0 with t = − 1 log δ
Note that δ
Thus, with the change of variable r = e −ξ , we deduce
with a defined in (33). Now recall that by our choice of C 1 , for t > 0 small enough, we have a > 0.
Hence, setting ρ = tθ σ−p+1 1 τ ξ, we have
From (47), (48) and (50) we conclude that for every n ∈ N and every small enough t = − 1 log δ > 0 we have
for some fixed positive constant C. Passing to the limit as n → +∞ in the previous inequality yields (51)
Now note that by our assumptions on τ, k we have
for every small enough t = − 1 log δ > 0. Thus (51) yields (52)
for every small enough t > 0. Passing to the lim inf as t tends to 0 + in (52), we conclude by an application of Fatou's Lemma that
so that u ≡ 0 on Ω.
Counterexamples
To begin, we show that in general hypothesis (HP 3) does not imply hypothesis (HP 1).
Example 4.1. Let σ > 1, p > 1, and let a ∈ C 1 (Ω), a > 0 with
Then, in view of (4), for all δ > 0 sufficiently small and every ε > 0
for some positive constant C independent of δ and ε. Thus (HP 3) holds.
On the other hand, for every δ > 0 small enough and every ε > 0 (53)
for some positive constant C independent of δ and ε. Passing to the limit in (53) as ε → 0 we obtain that for every δ > 0 small enough (54)
If, by contradiction, (HP 1) holds, passing to the limit as ε → 0 in (7) we obtain that, for every δ > 0 small enough,
Since β 0 > β, (54) and (55) are in contrast. So (HP 1) cannot hold.
Now we show that if condition (HP 1) or (HP 2) or (HP 3) is not satisfied, then problem (1) can admit a positive nontrivial solution. Before constructing our counterexample, which will only deal with the case p = 2, we need some auxiliary results on spectral theory for a weighted eigenvalue problem for the Laplace-Beltrami operator. Moreover, we recall the notion of Riemannian model manifolds (see Section 4.2). We should mention that a similar counterexample has been constructed in [6] and in [7] , when Ω = M , with M a complete noncompact Riemannian manifold. However, many differences occur in the present situation, due to the fact that Ω is bounded. Furthermore, the study of the first eigenvalue for the weighted eigenvalue problem was not necessary in [6] , [7] .
Preliminary results for a weighted eigenvalue problem. Let
where Ω δ := Ω \ S δ . It is known that, since V ∈ C(Ω δ ) and V > 0, there exist the first eigenvalue λ δ and the first eigenfunction
, see e.g. [3] . Moreover, λ δ > 0, λ δ1 ≥ λ δ2 if δ 1 > δ 2 , and λ δ →λ(Ω) as δ → 0 + , for someλ(Ω) ∈ [0, ∞).
Using (57), an easy computation shows that
From condition (58), the following lemma immediately follows.
Suppose that there exists C > 0 such that for any α > 0 there exists
Proof. For any small δ > 0, consider a Lipschitz cut-off function ψ such that ψ ≡ 0 on S δ , ψ ≡ 1 on Ω\S 2δ
and |∇ψ| ≤ Cδ −1 for some C > 1 independent of δ.
Now note that, up to choosing
We conclude that
Since ψφ α has compact support in Ω, by standard mollification there exists
Henceλ(Ω) ≤ 2C ′ α for every α > 0, and the conclusion follows.
Using the previous lemma, we show the next result.
for all x ∈ Ω ,
where γ := β0−2 2 . Note that φ α ∈ C(Ω), φ α (x) → 0 as d(x) → 0 + and φ α satisfies (60). Furthermore, using the fact that x → d(x) is Lipschitz in Ω, we have
therefore, since |∇d(x)| ≤ 1 for a.e. x ∈ Ω,
Hence, in view of (61),
, and condition (59) is satisfied with C = The Riemannian metric in M \ Cut(o) ∪ {o} in the polar coordinates reads as A manifold with a pole is a spherically symmetric manifold or a model, if the Riemannian metric is given by (63)
where dθ 2 is the standard metric in S m−1 , and
In this case, we write M ≡ M ψ ; furthermore, we have A(r, θ) = ψ m−1 (r), so the boundary area of the geodesic sphere ∂S R is computed by
ω m being the area of the unit sphere in R m . Also, the volume of the ball B R (o) is given by
Moreover we have 
with r ≡ ρ(x). It is direct to see that, for some
for any δ ∈ 0, We claim that there exists a positive solution of (1) . In order to prove the claim, we argue in three steps.
Step 1. Define .
In view of (68), if we take 0 < λ < ǫ and δ > 0 small enough, we get
Moreover, observe that (70) ζ ′ < 0 in [r 0 , 1) , for r 0 := 1 − δ, if δ > 0 is small enough.
Step 2. For any ρ ∈ (0, 1) let λ ρ and w ρ be the first eigenvalue and, respectively, the first eigenfunction of problem We claim that there exists a sequence {ρ k } ⊂ (0, 1) such that ρ k → 1 and w ρ k → 1 as k → ∞ in C 1 loc ((0, 1)). In fact, set ρ n := 1 − 1 n . Thanks to (71) and (73) with ρ = ρ n , by standard elliptic regularity theory, there exists a subsequence {ρ n k } ≡ {ρ k } ⊂ {ρ n } such that {w ρ k } converges in C for C 1 , C 2 ∈ R. However, w(r) diverges as r → 0 + , if C 1 = 0. Thus, the only bounded solution of (75) is w ≡ 1, which corresponds to the choice C 1 = 0, C 2 = 1. Therefore, we can infer that (76) w ρ k → 1 in C ∞ loc (B 1 ) as k → ∞ .
Step 3 . Fix δ > 0 so that (69) and (70) 
